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Abstract
We construct off-shell superconformal actions of hypermultiplets coupled with non-
Abelian gauge multiplets in three-dimensional N = 3 and N = 4 projective superspaces.
We establish the explicit embeddings of the N = 2 vector and adjoint chiral superfields,
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1 Introduction
Gauge theories with extended supersymmetries have been studied in various contexts. Among
them, superspace formalism of gauge theories is quite useful since supersymmetries of an action
is manifestly guaranteed. However the standard superfield formalism is not suitable for theories
with extended supersymmetries. The projective superspace formalism is one of the useful
frameworks to treat the extended supersymmetries. The four-dimensional N = 2 projective
superspace was established in [1, 2, 3]. The projective superspace formalisms were studied in
two [4], three [5], five and six dimensions [6, 7].
In four-dimensional N = 2 projective superspace, a non-Abelian gauge multiplet is in-
troduced as a tropical multiplet. The kinetic term of the gauge multiplet is defined through
the anti-commutation relations of the gauge covariantized supercovariant derivatives [8]. The
formal treatments of interactions among hypermultiplets and non-Abelian gauge fields are an-
alyzed in [9]. On the other hand, an N = 2 gauge multiplet consists of an N = 1 vector and
an adjoint chiral superfields. Consequently, the component superfields in the tropical multiplet
should be represented by the N = 1 vector and the adjoint chiral superfields. However, the
explicit embeddings of the tropical multiplet into the gauge multiplet remain less understood.
In the previous paper, we have constructed superconformal Abelian Chern-Simons matter ac-
tion in the three-dimensional N = 3 and N = 4 projective superspaces [10]. We have shown
the explicit relations among components in the tropical multiplet and the superfields in the
Abelian gauge multiplet. For non-Abelian gauge groups, the relation between the tropical and
gauge multiplets becomes highly non-linear and non-trivial.
The purpose of this paper is to find explicit relations among component superfields in
the tropical multiplet and superfields in the non-Abelian gauge multiplet in three and four
dimensions. We will write down the gauge connections in terms of the tropical multiplet. The
vector and chiral superfields in the non-Abelian gauge multiplet are explicitly expressed by the
components of the tropical multiplet. We will then show that the adjoint chiral superfields
obtained from the tropical multiplet have correct chiral properties. We also write down actions
of hypermultiplets in three-dimensional N = 3, N = 4 and four-dimensional N = 2 superspaces
in terms of the component superfields in the gauge multiplet. In three-dimensions, the action
have superconformal invariance.
The organization of this paper is as follows. In the next section, we give a brief review of
the three-dimensional N = 3 and N = 4 projective superspace formulations of superconformal
theories. We then introduce the four-dimensional N = 2 formalism. In Section 3, we construct
the action of hypermultiplets coupled with non-Abelian gauge multiplets. We explicitly write
down the gauge connection in terms of the tropical multiplet. We find perturbative expressions
of the adjoint scalar fields in the vector multiplets and show its chiralities. We then show that
the actions constructed in the projective superspaces precisely reproduce those in the N = 2
subsuperspace in three dimensions. We also construct actions in four dimensions. Section
4 is conclusion and discussions. Notations and conventions of three-dimensional N = 2, 3, 4
and four-dimensional N = 1, 2 superspaces are given in Appendix A. Explicit expressions for
the decomposition of the tropical multiplet are found in Appendix B. The anti-commutation
relations among the gauge covariantized supercovariant derivatives are found in Appendix C.
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2 Projective superspaces
In this section, we give a brief overview of the projective superspace formalism. We first
explain the basic facts about the three-dimensional N = 3 projective superspace formalism.
We introduce the general formula of actions for N = 3 superconformal theories. Then we
generalize the formalism to N = 4 theories. We also introduce the four-dimensional N = 2
projective superspace formalism.
2.1 N = 3 superconformal theories in three-dimensional projective
superspace
The N = 3 projective superspace are defined by the standard N = 3 superspace M3|6 supple-
mented with the internal space CP 1. The coordinates in each space are zM = (xm, θαI ) and
SU(2)R complex isospinors v
i, ui. Here α = 1, 2 is the SO(1, 2) ∼ SL(2,R) Lorentz spinor and
I = 1, 2, 3 is the SO(3)R ∼ SU(2)R R-symmetry vector index respectively. The two complex
isospinors satisfy the following completeness relation,
δij =
1
(v, u)
(viuj − vju
i), (v, u) ≡ viui, (2.1)
where ui should obey the condition (v, u) 6= 0. In the following, we use the SU(2)R spinor
indices i, j = 1, 2 rather than the SO(3)R vector indices. These are intertwined by the relation
θαij = (τI)ijθ
α
I where (τI)
i
j are the Pauli matrices. The SU(2)R indices are raised and lowered
by the anti-symmetric symbols εij, εij such as θ
i = εijθj .
Using the isospinors vi, ui, we define the following supercovariant derivatives in the projec-
tive superspace,
D(2)α = vivjD
ij
α , D
(0)
α =
1
(v, u)
viujD
ij
α , D
(−2)
α =
1
(v, u)2
uiujD
ij
α . (2.2)
The covariant derivative D
(2)
α is used to define a superconformal projective multiplet. We define
a projective superfield Q(n) by the following constraint:
D(2)α Q
(n) = 0. (2.3)
The superfield Q(n) should be holomorphic with respect to vi and homogeneous function of
degree n,
Q(n)(z, cv) = cnQ(n)(z, v), c ∈ C∗. (2.4)
We callQ(n) superconformal projective multiplet with weight n ∈ Z. TheN = 3 superconformal
transformation of the superfield Q(n) is given by [5],
δQ(n) = −(ξ − Λ(2)∂(−2))Q(n) − nΣQ(n), (2.5)
where ξ = ξm∂m + ξ
α
I D
I
α with D
ij
α = (τI)
ijDIα is the superconformal killing vector field. The
symbol ∂(−2) = 1
(v,u)
ui ∂
∂vi
stands for the differentiation with respect to the isospinor vi. The
2
parameters Λ(2) = vivjΛ
ij and Σ correspond to the SO(3)R and the scale transformations
respectively.
The “smile conjugation” which is consistent with the constraint (2.3) is defined by
Q¯(n)(v) ≡
(
Q(n)(v)
)∗∣∣∣
(vi)∗→−vi
, (2.6)
where the symbol “∗” stands for the ordinary complex conjugation. The replacement of vi is
explicitly given by (v1)∗ → −v1 = v2 and (v2)∗ → −v2 = −v1. When the weight n is even
number, one can define a real projective multiplet by using the smile conjugation.
The N = 3 superconformal invariant action is given by [5]
S =
1
8π
∮
γ
(v, dv)
∫
d3x (D(−2))2(D(0))2 L(2)(z, v)
∣∣
θ=0
, (2.7)
where L(2) is an weight-2 real superconformal projective multiplet. For later convenience we
call L(2) Lagrangian. The line integral is evaluated over a closed contour γ in CP 1. The action
(2.7) is independent of u and we can choose a frame where ui = (1, 0).
The action (2.7) is rewritten in terms of N = 2 superspace and superfields as follows. We
first take the contour γ in (2.7) such that it does not pass through the north pole vi = (0, 1) in
CP 1. It is then useful to introduce a complex inhomogeneous coordinate ζ ∈ C in the upper
hemisphere of CP 1,
vi = v1(1, ζ), ζ ≡
v2
v1
, i = 1, 2. (2.8)
Then the supercovariant derivative D
(2)
α turns into the following form
D(2)α = (v
1)2D[2]α , D
[2]
α (ζ) ≡ −D¯α − 2ζD
12
α + ζ
2
Dα, (2.9)
where we have introduced the N = 2 supercovariant derivatives Dα and D¯α (see Appendix A).
By factoring out the v1 dependence in Q(n)(z, v), a new superfield Q[n](z, v) ∝ Q(n)(z, v) which
satisfies the following constraint is defined:
D[2]α (ζ)Q
[n](z, ζ) = 0. (2.10)
In general, Q[n] is expanded by power series in ζ ,
Q[n](z, ζ) =
∑
k
ζkQk(z), (2.11)
where Qk(z) are standard N = 3 superfields subject to the constraints (2.10). By the factor-
ization of v1, the Lagrangian L(2) is rewritten as
L(2)(z, v) = (v1)2(iζ)L[2](z, ζ). (2.12)
Then the action (2.7) reduces to the following form,
S =
1
2πi
∮
γ
dζ
ζ
∫
d3xd4θ L[2](z, ζ)
∣∣
θ12=0
, (2.13)
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where we have used (2.9) and the constraint (2.10).
We now show a few examples of the projective superfields Q(n).
• O(k) and (ant)arctic multiplets
The weight-n complex O(k) multiplet is defined to be holomorphic in the upper hemisphere in
CP 1,
Υ(n)(z, v) = (v1)nΥ[n](z, ζ), Υ[n] =
k∑
l=0
ζ lΥl(z). (2.14)
The constraints (2.10) on the N = 3 component superfields are given by
D¯αΥ0 = 0,
D¯αΥ1 + 2D
12
α Υ0 = 0,
D¯αΥl + 2D
12
α Υl−1 − DαΥl−2 = 0, (2 ≤ l ≤ k),
2D12α Υk − DαΥk−1 = 0,
DαΥk = 0.
(2.15)
The arctic multiplet is defined as the limit k →∞ of the complex O(k) multiplet. The antarctic
multiplet is defined by the smile conjugate of the arctic multiplet.
• O(−k, k) and tropical multiplets
The real O(−k, k) multiplet with weight 2n is defined by
V(2n)(z, v) = (iv1v2)nV [2n](z, ζ) = (v1)2n(iζ)nV [2n](z, ζ),
V [2n](z, ζ) =
k∑
l=−k
ζ lVl(z), V¯l = (−1)
lV−l,
(2.16)
where the bar in the component superfields represents the ordinary complex conjugate. The
constraints (2.10) on the N = 3 component superfields are given by
D¯αV−k = 0,
D¯αV−k+1 + 2D
12
α V−k = 0,
D¯αVl + 2D
12
α Vl−1 − DαVl−2 = 0, (−k + 2 ≤ l ≤ k),
2D12α Vk − DαVk−1 = 0,
DαVk = 0.
(2.17)
The tropical multiplet is defined as the limit k →∞ of the O(−k, k) multiplet.
2.2 N = 4 superconformal theories in three-dimensional projective
superspace
The N = 4 superspace M3|8 is parametrized by the super-coordinates zM = (xm, θα
ij¯
), where
i = 1, 2 and j¯ = 1, 2 are indices for the SU(2)L × SU(2)R subgroup of SO(4)R R-symmetry.
4
These indices are raised and lowered by the antisymmetric matrices εij, εi¯j¯ and so on. The
N = 4 projective superspace is given by M3|8 × CP 1L × CP
1
R. We introduce a pair of CP
1
in order to take into account the two SU(2) symmetries [5]. The complex projective spaces
CP 1L × CP
1
R are parametrized by the homogeneous complex coordinates vL = (v
i), vR = (v
k¯)
and uL = (ui), uR = (uk¯). They satisfy the completeness relation (2.1) independently.
As in the N = 3 case, we define the following covariant derivatives:
D(1)k¯α = viD
ik¯
α , D
(−1)k¯
α =
1
(vL, uL)
uiD
ik¯
α ,
D(1)iα = vk¯D
ik¯
α , D
(−1)i
α =
1
(vR, uR)
uk¯D
ik¯
α .
(2.18)
The supercovariant derivatives D
(1)k¯
α , D
(−1)k¯
α satisfy the following algebras,
{D(1)k¯α , D
(1)l¯
β } = {D
(−1)k¯
α , D
(−1)l¯
β } = 0,
{D(1)k¯α , D
(−1)l¯
β } = −2iε
k¯l¯∂αβ .
(2.19)
The other supercovariant derivatives D
(1)i
α , D
(−1)i
α satisfy the similar algebras. In the N = 4
case, associated with two complex projective spaces CP 1, one can introduce the left and right
weight-n projective multiplets independently. They are defined by the following constraints,
D(1)k¯α Q
(n)
L (vL) = 0,
D(1)iα Q
(n)
R (vR) = 0.
(2.20)
Each projective multiplet Q
(n)
L , Q
(n)
R has the property (2.4). The N = 4 superconformal trans-
formations of the left and right projective superfields are given by
δQ
(n)
L =−
(
ξ − Λ(2)L ∂
(−2)
L
)
Q
(n)
L − nΣLQ
(n)
L ,
δQ
(n)
R =−
(
ξ − Λ(2)R ∂
(−2)
R
)
Q
(n)
R − nΣRQ
(n)
R ,
(2.21)
where ξ is the superconformal Killing vector field, ΛL,R, ΣL,R and ∂
(−2)
L,R are defined as in the
same way in the N = 3 case [5].
In the left part, we introduce the complex inhomogeneous coordinate ζL by
vi = v1(1, ζL), ζL =
v2
v1
. (2.22)
Then the supercovariant derivative in the left part becomes
D(1)k¯α = v
1D[1]k¯α , D
[1]k¯
α ≡ D
2k¯
α − ζLD
1k¯
α . (2.23)
As in the case of the N = 3 formalism, the v1 dependencies of the projective superfields can be
factored out and one can define a new field Q
[n]
L ∝ Q
(n)
L which satisfies the following condition,
D[1]k¯α (ζ)Q
[n]
L = 0. (2.24)
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Therefore the left projective superfield Q
[n]
L is expanded as
Q
[n]
L (z, ζL) =
∑
k
ζkLQk(z), (2.25)
where Qk(z) are the standard N = 4 superfields subject to the constraint (2.20). Similar
definitions hold in the right part.
The manifestly N = 4 superconformal invariant action is given by
S =
1
2π
∮
γL
(vL, dvL)
∫
d3x D
(−4)
L L
(2)
L (z, vL)|θ=0 +
1
2π
∮
γR
(vR, dvR)
∫
d3x D
(−4)
R L
(2)
R (z, vR)|θ=0,
(2.26)
where L(2)L (L
(2)
R ) is the weight-2 left (right) projective multiplet and we have defined the follow-
ing integration measures,
D
(−4)
L =
1
48
D(−2)k¯l¯D
(−2)
k¯l¯
, D
(−2)
k¯l¯
= D
(−1)α
k¯
D
(−1)
αl¯
,
D
(−4)
R =
1
48
D(−2)ijD
(−2)
ij , D
(−2)
ij = D
(−1)α
i D
(−1)
αj .
(2.27)
The contour γL (γR) is chosen such that the path goes the outside of the north pole in CP
1
L
(CP 1R). After fixing ui = (1, 0), uk¯ = (1, 0) in CP
1
L and CP
1
R, the action (2.26) is rewritten in
the N = 2 superspace:
S =
1
2πi
∮
γL
dζL
ζL
∫
d3xd4θL[2]L (z, ζL)|θ⊥=0 +
1
2πi
∮
γR
dζR
ζR
∫
d3xd4θL[2]R (z, ζR)|θ⊥=0, (2.28)
where the symbol |θ⊥=0 means that the superfields in the Lagrangian are projected on the
N = 2 superspace.
Classification of multiplets is similar to the N = 3 case. Since the left and right parts have
almost the same structure, we focus on the left part in the following. A complex O(k) multiplet
and a real O(−k, k) multiplet are defined as (2.14) and (2.16), respectively. Constraints on the
components of a complex O(k) multiplet Υ[n] =
∑k
l=0Υlζ
l are given by
D¯αΥ0 = D
21¯
α Υ0 = 0,
D¯αΥl = −D
12¯
α Υl−1, D
21¯
α Υl = DαΥl−1, (1 ≤ l ≤ k),
DαΥk = D
12¯
α Υk = 0,
(2.29)
while those on a real O(−k, k) multiplet V [2n] =
∑k
l=−k Vlζ
l are
D¯αV−k = D
21¯
α V−k = 0,
D¯αVl = −D
12¯
α Vl−1, D
21¯
α Vl = DαVl−1, (−k + 1 ≤ l ≤ k),
D12¯α Vk = DαVk = 0.
(2.30)
The (ant)arctic multiplets and tropical multiplets are defined by taking k →∞ in the complex
O(k) and the real O(−k, k) multiplets, respectively.
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2.3 Four-dimensional N = 2 projective superspace
The four-dimensional projective superspace is defined by M4|8 × CP 1 whose coordinates are
(zM , ζ) = (xm, θiα, θ¯iα˙, ζ) [3]. The SU(2)R indices i, j run from 1 to 2. α, α˙ = 1, 2 are the
SL(2,C) Lorentz spinor indices. A projective multiplet Υ is defined by the following constraints
∇αΥ = ∇¯α˙Υ = 0, (2.31)
where the operators ∇α, ∇¯α˙ are defined by
∇α = D1α + ζD2α, ∇¯α˙ = D¯
2
α˙ − ζD¯
1
α˙. (2.32)
The classification of the projective multiplets is the same in the three-dimensional cases without
any weight specified. The constraints on the components of the complex O(k) multiplet Υ =∑k
l=0Υlζ
l are
D1αΥ0 = 0,
D1αΥl +D2αΥl−1 = 0, (1 ≤ l ≤ k),
D2αΥk = 0,
D¯2α˙Υ0 = 0,
D¯2α˙Υl − D¯
1
α˙Υl−1 = 0, (1 ≤ l ≤ k),
D¯1α˙Υk = 0.
(2.33)
The constraints on the components of the O(−k, k) multiplet V =
∑∞
l=−∞ Vlζ
l are
D1αV−k = 0,
D1αVl +D2αVl−1 = 0, (−k + 1 ≤ l ≤ k),
D2αVk = 0,
D¯2α˙V−k = 0,
D¯2α˙Vl − D¯
1
α˙Vl−1 = 0, (−k + 1 ≤ l ≤ k),
D¯1α˙Vk = 0.
(2.34)
We introduce the conjugate of the operators ∇α, ∇¯α˙,
∆α = D2α −
1
ζ
D1α, ∆¯α˙ = D¯
1
α˙ +
1
ζ
D¯2α˙. (2.35)
They satisfy the following algebras,
{∇α,∇β} = {∇α, ∇¯α˙} = {∇¯α˙, ∇¯β˙} = 0,
{∆α,∆β} = {∆α, ∆¯α˙} = {∆¯α˙, ∆¯β˙} = 0,
{∇α,∆β} = {∆¯α˙, ∇¯β˙} = 0, {∇α, ∆¯β˙} = {∆α, ∇¯β˙} = 2i∂αβ˙ .
(2.36)
The operators ∆α, ∆¯α˙ are used to define the integration measure in the four-dimensional N = 2
projective superspace. The manifestly N = 2 supersymmetry invariant action is given by
S =
∫
d4x
∮
C
ζdζ
2πi
∆2∆¯2K, (2.37)
where C is a contour surrounding singularities in the ζ-plane andK is a gauge invariant function
of projective superfields and ζ .
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3 Non-Abelian gauge multiplet and hypermultiplet in
projective superspaces
In this section we work out the explicit relations between the non-Abelian gauge multiplet
and the tropical multiplet. In order to find the precise relation, we consider the action of
hypermultiplets coupled with the non-Abelian gauge multiplets. In terms of theN = 2 language
in three dimensions, an N = 3 (N = 4) gauge multiplet consists of a vector superfield V and
adjoint (anti)chiral superfields Φ0, Φ¯0. A hypermultiplet consists of two chiral superfields S, T
and whose conjugates S¯, T¯ . The action of an N = 3 hypermultiplet3 in the fundamental
representation of the gauge group in N = 2 superspace is
S =
∫
d3xd4θ
(
S¯eV S + Te−V T¯
)
+
[
2
∫
d3xd2θ TΦ0S + 2
∫
d3xd2θ¯ T¯ Φ¯0S¯
]
. (3.1)
The superfields V , Φ0, Φ¯0 in the action are non-trivial functions of the component superfields
V−1, V0, V1 in the tropical multiplet. We will determine these functions in the following sub-
sections. The calculation is performed by the perturbation of V−1, V0, V1. We work in the
three-dimensional N = 3, N = 4 projective superspaces. In each case, the hypermultiplets are
defined by the (ant)arctic multiplets. In four dimensions, the situation is the same in three
dimensions. In the following, we show the detail calculations in three-dimensional N = 3,
N = 4 and four-dimensional N = 2 cases separately.
3.1 N = 3 in three dimensions
The gauge multiplet is defined by the weight-0 real tropical multiplet V [0]. This is adjoint
representation of the non-Abelian gauge group G. The gauge transformation of the tropical
multiplet is given by
eV
[0]
→ e−iΛ¯
[0]
eV
[0]
eiΛ
[0]
, (3.2)
where Λ[0], Λ¯[0] are weight-0 (ant)arctic multiplets. In the Lindstro¨m-Rocˇek gauge, the tropical
multiplet is expanded as follows [8],
V [0] = ζ−1V−1 + V0 + ζV1,
V¯0 = V0, V¯1 = −V−1.
(3.3)
Now we write down the N = 3 gauge multiplet in terms of the tropical multiplet V−1, V0, V1.
In the Abelian case, the N = 2 vector superfield V and the adjoint chiral superfields Φ0, Φ¯0 in
the gauge multiplet are identified as [10]
V = V0, Φ0 =
i
8
D¯
2V1, Φ¯0 = −
i
8
D
2V−1. (3.4)
However in the non-Abelian case, the relations among V,Φ0, Φ¯0 and V−1, V0, V1 become non-
linear and the identification is not straightforward.
3 Strictly speaking, the action (3.1) has N = 4 supersymmetry in three dimensions. Here we keep only
N = 3 supersymmetry manifest.
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We first look for the expression of V . In order to find it, we decompose V [0] as follows [8],
eV
[0]
≡ eVˆ−eVˆ0eVˆ+ , (3.5)
where Vˆ± contains terms with positive (negative) powers of ζ while Vˆ0 does not depend on ζ .
Following [8], we define the gauge transformations of each part:
eVˆ− → e−iΛ¯
[0]
eVˆ−eiλ¯0 , eVˆ0 → e−iλ¯0eVˆ0eiλ0 , eVˆ+ → e−iλ0eVˆ+eiΛ
[0]
, (3.6)
where λ0, λ¯0 are ζ
0 components in the (ant)arctic multiplets Λ[0], Λ¯[0]. The ζ independent part
Vˆ0 has correct gauge transformation property of the N = 2 vector superfield V . Therefore we
identify Vˆ0 with the vector superfield V :
V = Vˆ0. (3.7)
The explicit form of Vˆ0, Vˆ± can be calculated perturbatively in V−1, V0, V1. We obtain some
explicit expressions at low orders in Appendix B.
Next, we look for the explicit forms of the adjoint chiral superfields Φ0, Φ¯0 in terms of the
components in the tropical multiplet. The adjoint chiral superfields are constructed through the
examination of the interaction terms of hypermultiplets and the non-Abelian gauge multiplet.
The weight-2 Lagrangian of the free hypermultiplet is given by
L[2] = Υ¯[1]Υ[1]. (3.8)
where Υ[1], Υ¯[1] are weight-1 arctic and antarctic multiplets. Expanding the projective super-
fields in ζ and performing the integration over ζ , we find that the action associated with the
Lagrangian (3.8) becomes
S =
∫
d3xd4θ
[
Υ¯0Υ0 − Υ¯1Υ1 + D
2Υ¯1Y0 + Y¯0D¯
2Υ1
]
, (3.9)
where we have integrated out the auxiliary fields Υl, Υ¯l, (l ≥ 2) and introduced the Lagrange
multipliers Y0, Y¯0 to impose the constraints of the projective multiplet. The components Υ¯0,Υ0
are (anti)chiral superfields in N = 2 superspace. We next integrate out Υ¯1,Υ1 and dualize
these fields to T¯ ≡ D2Y0, T ≡ D¯2Y¯0. The new superfields T¯ , T satisfy the (anti)chiral superfield
condition and the action becomes
S =
∫
d3xd4θ (Υ¯0Υ0 + T¯ T ). (3.10)
This is nothing but the action of the free hypermultiplet in N = 2 superspace. Now we
couple the hypermultiplet with the non-Abelian gauge multiplet. The weight-2 gauge invariant
Lagrangian is given by
L[2] = Υ¯[1]eV
[0]
Υ[1]. (3.11)
The gauge transformations of the (ant)arctic multiplets are defined as
Υ[1] → e−iΛ
[0]
Υ[1], Υ¯[1] → Υ¯[1]eiΛ¯
[0]
. (3.12)
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Especially, for the ζ0 component we have
Υ0 → e
−iλ0Υ0, Υ¯0 → Υ¯0e
iλ¯0 . (3.13)
We note that these fields have correct gauge transformation of the N = 2 hypermultiplets
(chiral) superfields. However, writing down the Lagrangian (3.11) in terms N = 2 superfields
is cumbersome since the tropical multiplet V [0] appears in the Lagrangian non-linearly. In order
to find the structure of the Lagrangian in N = 2 superspace, we define the following new fields:
¯˜Υ[1] ≡ Υ¯[1]eVˆ− , Υ˜[1] ≡ eVˆ0eVˆ+Υ[1]. (3.14)
Then the Lagrangian (3.11) is rewritten as the form of the free hypermultiplet:
L[2] = ¯˜Υ[1]Υ˜[1]. (3.15)
The gauge transformation of the new fields are
¯˜Υ[1] → ¯˜Υ[1]eiλ¯0 , Υ˜[1] → e−iλ¯0Υ˜[1]. (3.16)
We note that the positive and negative powers of ζ components in Υ˜[1], ¯˜Υ[1] are never mixed
under the gauge transformations (3.16).
We next specify what constraints the new fields (3.16) satisfy. The supercovariant deriva-
tive D
[2]
α that defines the projective multiplet should be gauge covariantized. In order that
the fields (3.14) become the covariantly projective multiplets, we define the following gauge
(super)connection,
Ωα ≡ e
Vˆ0eVˆ+
−→
D [2]α (e
−Vˆ+e−Vˆ0). (3.17)
Then, the left gauge covariant derivative acting on fields with charge q is defined by
−→
D [2]α ∗ ≡ (e
qVˆ0eqVˆ+
−→
D [2]α e
−qVˆ+e−qVˆ0)∗ =
−→
D [2]α ∗+e
qVˆ0eqVˆ+
−→
D [2]α (e
−qVˆ+e−qVˆ0) ⊲ ∗, (3.18)
where the symbol ⊲ means that the quantity acts as the appropriate representation of the gauge
group G. By the same way, we define the right gauge covariant derivative,
∗
←−
D [2]α ≡ ∗(e
−qVˆ−
←−
D [2]α e
qVˆ−) = ∗
←−
Dα + ∗ ⊳ (e
−qVˆ−
←−
D (2)α )e
qVˆ− . (3.19)
We note that the ordering of the product is important since all the fields are matrix valued in
the non-Abelian case. Then, for the fundamental representation Υ˜[1], ¯˜Υ[1] we can show that
the new fields (3.14) satisfy the gauge covariantized projective constraints:
−→
D [2]α Υ˜
[1] = 0, ¯˜Υ[1]
←−
D [2]α = 0. (3.20)
The gauge transformation of the connection is
Ωα → Ω
′
α = e
−iqλ¯0Ωαe
iqλ¯0 + e−iqλ¯0(D[2]α e
iqλ¯0). (3.21)
This is the typical gauge transformation associated with the transformation (3.16).
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We next calculate the gauge connection Ωα. From the constraint condition D
[2]
α V [0] = 0, we
have an identity,
e−Vˆ−(D[2]α e
Vˆ−) = eVˆ0eVˆ+D[2]α (e
−Vˆ+e−Vˆ0). (3.22)
Using the ζ-expansion of the supercovariant derivative D
[2]
α = −D¯α − 2ζD12α + ζ
2Dα, the both
sides in (3.22) are expanded as
e−Vˆ−(D[2]α e
Vˆ−) ≡ ζ2Γ(−)−2α + ζΓ
(−)
−1α + ζ
0Γ
(−)
0α +
∞∑
l=1
ζ−lΓ
(−)
lα , (3.23)
eVˆ0eVˆ+D[2]α (e
−Vˆ+e−Vˆ0) ≡
∞∑
l=0
ζ lΓ
(+)
lα . (3.24)
Then we have the following relations among the components,
Γ
(+)
2α = Γ
(−)
−2α, Γ
(+)
1α = Γ
(−)
−1α, Γ
(+)
0α = Γ
(−)
0α ,
Γ
(+)
l≥3 α = Γ
(−)
l≥1 α = 0.
(3.25)
The gauge connection is therefore expressed as
Ωα = ζ
2Γ
(−)
−2α + ζΓ
(−)
−1α + ζ
0Γ
(−)
0α . (3.26)
Consequently the gauge covariantized supercovariant derivative contains ζ0, ζ, ζ2 components:
D[2]α = D
[2]
α + Ωα ≡ −D¯α − 2ζD
12
α + ζ
2Dα, (3.27)
where we have defined the gauge covariantized supercovariant derivatives
Dα = Dα + Γ
(−)
2α , D
12
α = D
12
α −
1
2
Γ
(−)
−1α, D¯α = D¯α − Γ
(−)
0α . (3.28)
The anti-commutation relations of the above gauge covariant derivatives are found in Appendix
C. From the explicit form of the left hand side in (3.22) we find that the ζ2 term in the gauge
connection vanishes identically,
Γ
(−)
−2α = 0. (3.29)
In general, Vˆ− in the left hand side of (3.5) is expanded as Vˆ− =
∑∞
l=1 ζ
−lVˆ−l. Then we find
e−Vˆ−D[2]α e
Vˆ− = −2D12α Vˆ−1 + DαVˆ−2 +
1
2
[DαVˆ−1, Vˆ−1] + ζDαVˆ−1. (3.30)
Therefore we obtain the following form of the components in the gauge connection,
Γ
(−)
−2α = 0,
Γ
(−)
−1α = DαVˆ−1
Γ
(−)
0α = DαVˆ−2 − 2D
12
α Vˆ−1 +
1
2
[DαVˆ−1, Vˆ−1].
(3.31)
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Only the ζ−1, ζ−2 components in Vˆ− contribute to the gauge connection. The explicit represen-
tations of Vˆ−1, Vˆ−2 in the decomposition of e
V [0] are calculated in Appendix B.
The constraints on the component superfields in the (ant)arctic multiplet (3.14) are now
gauge covariantized:
D¯αΥ˜0 = 0,
D¯αΥ˜1 + 2D
12
α Υ˜0 = 0,
D¯αΥ˜l + 2D
12
α Υ˜l−1 −DαΥ˜l−2 = 0, (l ≥ 2),
¯˜Υ0
←−
Dα = 0,
¯˜Υ1
←−
Dα − 2
¯˜Υ0
←−
D 12α = 0,
¯˜Υl−2
←−
Dα + 2
¯˜Υl−1
←−
D 12α −
¯˜Υl
←−
Dα = 0, (l ≥ 2).
(3.32)
From the above constraints and the anti-commutation relations of the gauge covariantized
supercovariant derivatives in Appendix C, we find the following relations,
D¯2Υ˜1 = −2D¯
αD12α Υ˜0 = −2
[
D12αΓ
(−)
0α −
1
2
D¯
αΓ
(−)
−1α −
1
2
{Γ(−)α−1 ,Γ
(−)
0α }
]
Υ˜0,
¯˜Υ1
←−
D 2 = 2 ¯˜Υ0
←−
D 12α
←−
Dα = 2 ¯˜Υ0
[
1
2
D
αΓ
(−)
−1α +D
12αΓ
(−)
−2α +
1
2
{Γ(−)α−2 ,Γ
(−)
−1α}
]
.
(3.33)
As we will see, the adjoint chiral superfields in the gauge multiplet appear in these relations.
We define the gauge covariantized chiral superfields Φ˜0,
¯˜Φ0 in the gauge multiplet as
Φ˜0 ≡ −2
[
D12αΓ
(−)
0α −
1
2
D¯
αΓ
(−)
−1α −
1
2
{Γ(−)α−1 ,Γ
(−)
0α }
]
, (3.34)
¯˜Φ0 ≡ 2
[
1
2
D
αΓ
(−)
−1α +D
12αΓ
(−)
−2α +
1
2
{Γ(−)α−2 ,Γ
(−)
−1α}
]
. (3.35)
The gauge transformations of the fields Φ˜0,
¯˜Φ0 follow from the definition (3.34), (3.35). They
are found to be
Φ˜0 → e
−iλ¯0Φ˜0e
iλ¯0 ,
¯˜Φ0 → e
−iλ¯0 ¯˜Φ0e
iλ¯0 . (3.36)
As we will see, these gauge transformations are consistent with the fact that the original (before
gauge covariantized) field Φ0, Φ¯0 transform as the adjoint representation of G.
The explicit form of the gauge covariantized chiral superfields can be obtained by the per-
turbation in V−1, V0, V1. Here we explicitly write down the connections up to O(V 3),
Γ
(−)
0α = D¯αV0 +
1
2
[V0, D¯αV0]−
1
2
[V−1, D¯αV1] +O(V
3), (3.37)
Γ
(−)
−1α = DαV−1 +
1
2
[V0,DαV−1] +
1
2
[DαV0, V−1] +O(V
3), (3.38)
Γ
(−)
−2α = 0. (3.39)
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Higher order corrections can be calculated systematically by using the decomposition of eV
[0]
found in Appendix C. Then the anti-chiral field is calculated as
¯˜Φ0 = −D
2V−1 −
1
2
[V0,D
2V−1]−
1
2
[D2V0, V−1]− {D
αV0,DαV−1}+O(V
3), (3.40)
while the chiral superfield Φ˜0 is
Φ˜0 = D¯
2V1 +
1
2
[V0, D¯
2V1] + {D¯
αV1, D¯αV0}+O(V
3). (3.41)
Here we have used the constraints DαV1 = D¯αV−1 = 0 on the tropical multiplet. We stress that
the anti-chiral superfield is written as the “D2-exact form” ¯˜Φ0 = D
2Vˆ−1 and the gauge covariant
chirality follows from the nilpotency of the supercovariant derivative Dα for the full order in
V−1, V0, V1:
Dα
¯˜Φ0 = DαD
2Vˆ−1 = 0. (3.42)
On the other hand, the chirality of Φ˜0 is shown in the perturbation of V−1, V0, V1. For example,
up to O(V 3), we can show that the superfield Φ˜0 satisfies the gauge covariantized chirality
condition,
D¯αΦ˜0 = D¯α
{
D¯
2V1 +
1
2
[V0, D¯
2V1] + {D¯
βV1, D¯βV0}
}
− [D¯αV0, D¯
2V1] +O(V
3)
= 0 +O(V 3), (3.43)
where we have used the projective constraints on V−1, V0, V1.
The action of a hypermultiplet in the fundamental representation of the gauge group G is
given in (3.11). After expanding the fields in ζ and integrate over the CP 1, we have the action
in the N = 2 subsuperspace as
S =
∫
d3xd4θ
[
¯˜Υ0Υ˜0 −
¯˜Υ1Υ˜1 +
∞∑
l=2
(−1)l ¯˜ΥlΥ˜l + (
¯˜Υ1
←−
D 2 − ¯˜Υ0
¯˜Φ0)Y˜0 +
¯˜
Y0(
−→
D¯ 2Υ˜1 − Φ˜0Υ˜0)
]
,
(3.44)
where we have introduced the N = 2 Lagrange multiplier superfields Y0, Y˜0 to impose the
projective constraints. The gauge transformations of the Lagrange multipliers are defined as
Y˜0 → e
−iλ¯0 Y˜0,
¯˜
Y0 →
¯˜
Y0e
iλ¯0 . (3.45)
The N = 2 superfields Y0, Φ¯0 and Y¯0,Φ0 are interpreted as ζ0 components of the arctic and
antarctic multiplets Y, Φ¯ and Y¯ ,Φ respectively. From the “fields with tilde”, we can go back
to the original N = 3 projective superfields (before gauge covariantized) by factoring out the
decomposed fields Vˆ−, Vˆ0, Vˆ+ of the tropical multiplets:
Y˜ = eVˆ0eVˆ+Y, ¯˜Y = Y¯ eVˆ−,
Φ˜ = eVˆ0eVˆ+Φe−Vˆ+e−Vˆ0 , ¯˜Φ = e−Vˆ−Φ¯eVˆ− .
(3.46)
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Especially, the ζ0 component of each field is found to be
Y˜0 = e
Vˆ0Y0,
¯˜
Y0 = Y¯0, Φ˜0 = e
Vˆ0Φ0e
−Vˆ0 ,
¯˜Φ0 = Φ¯0. (3.47)
The gauge transformations of the original fields are
Y → e−iΛ
[0]
Y, Y¯ → Y¯ eiΛ¯
[0]
,
Φ→ e−iΛ
[0]
ΦeiΛ
[0]
, Φ¯→ e−iΛ¯
[0]
Φ¯eiΛ¯
[0]
.
(3.48)
As we have mentioned, Φ, Φ¯ are adjoint representations of the gauge group G. Note that Φ0, Φ¯0
satisfy the ordinary (anti)chiral superfield conditions D¯αΦ0 = DαΦ¯0 = 0.
Now we rewrite the action (3.44) as follows. First, we integrate out the infinite number of
the auxiliary fields Υ˜l,
¯˜Υl, (l ≥ 2). We then integrate out
¯˜Υ1, Υ˜1 and dualize the fields Υ˜1,
¯˜Υ1
into Y˜0,
¯˜
Y0. The action becomes
S =
∫
d3xd4θ
[
¯˜Υ0Υ˜0 +
−→
D¯ 2 ¯˜Y0Y˜0
←−
D 2 − ¯˜Υ0
¯˜Φ0Y˜0 −
¯˜
Y0Φ0Υ˜0
]
−
1
4
∫
d3xd2θ
−→
D¯ 2
[
− ¯˜Y0Φ0Υ˜0
]
−
1
4
∫
d3xd2θ¯
[
−Φ¯0
¯˜Υ0Y˜0
]←−
D 2
=
∫
d3xd4θ
[
Υ¯0e
Vˆ0Υ0 +
−→
D¯ 2 ¯˜Y0 · Y˜0
←−
D 2
]
−
1
4
∫
d3xd2θ
[
−
−→
D¯ 2 ¯˜Y0Φ˜0Υ˜0
]
−
1
4
∫
d3xd2θ¯
[
− ¯˜Υ0
¯˜Φ0Y˜0
←−
D 2
]
. (3.49)
where we have used the relations ¯˜Υ0 = Υ¯0, Υ˜0 = e
Vˆ0Υ0, the gauge covariant constraints
Dα
¯˜Υ0 = D¯αΥ˜0 = 0 and the gauge covariant chiralities
¯˜Φ
←−
Dα =
−→
D¯αΦ˜ = 0. We stress that
the covariant chirality of Φ˜0,
¯˜Φ0 is crucial to write down the action in terms of the N = 2
component superfields. After the field redefinition
−→
D¯ 2 ¯˜Y0 ≡ Te
−Vˆ0 , Y˜0
←−
D 2 ≡ T¯ , (3.50)
the relabeling Υ0 → S and the rescaling Φ → 8Φ, we find that the action (3.49) precisely
reproduces the action of the N = 3 hypermultiplet coupled with non-Abelian gauge multiplet
(3.1). Generalizations to the multi-flavour models, adjoint or bi-fundamental representations
of hypermultiplets are straightforward.
3.2 N = 4 in three dimensions
In this subsection, we generalize the N = 3 construction to N = 4 theories. Since the left and
right sectors are essentially the same, we concentrate on the left part. In the Lindstro¨m-Rocˇek
gauge, the weight-0 left tropical multiplet V [0]L is expanded as
V [0]L =
1
ζL
VL,−1 + VL,0 + ζLVL,1. (3.51)
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In the following, we omit the subscript L. The non-Abelian gauge transformation is defined
by (3.2). As in the N = 3 case, we consider the decomposition (3.5). From the constraint
D
[1]k¯
α V [0] = 0 we have an identity
e−Vˆ−(D[1]k¯α e
Vˆ−) = eVˆ0eVˆ+D[1]k¯α (e
−Vˆ+e−Vˆ0). (3.52)
The both sides in (3.52) are expanded as
e−Vˆ−(D[1]k¯α e
Vˆ−) ≡ ζΓ(−)k¯−1α + ζ
0Γ
(−)k¯
0α +
∞∑
l=1
ζ−lΓ
(−)k¯
lα ,
eVˆ0eVˆ+D[1]k¯α (e
−Vˆ+e−Vˆ0) ≡
∞∑
l=0
ζ lΓ
(+)k¯
lα .
(3.53)
Therefore we have the following relations among the components
Γ
(+)k¯
1α = Γ
(−)k¯
−1α , Γ
(+)k¯
0α = Γ
(−)k¯
0α ,
Γ
(+)k¯
l≥2 α = Γ
(−)k¯
l≥1 α = 0.
(3.54)
Using the ζ-expansion of the supercovariant derivative D
[1]k¯
α = D2k¯α − ζD
1k¯
α in the left hand side
of (3.52), we find that the ζ component in (3.52) vanishes identically,
Γ
(−)k¯
−1α = 0. (3.55)
Therefore the gauge connection contains only terms with the zeroth order of ζ ,
Ωk¯α ≡ e
Vˆ0eVˆ+D[1]k¯α (e
−Vˆ+e−Vˆ0) = ζ0Γ
(−)k¯
0α . (3.56)
The gauge covariantized supercovariant derivative is defined as
D[1]k¯α ≡ D
[1]k¯
α + Ω
k¯
α = D
2k¯
α − ζD
1k¯
α . (3.57)
Then each component in the gauge covariant derivative is found to be
D2k¯α = D
2k¯
α + Γ
(−)k¯
0α , D
1k¯
α = D
1k¯
α . (3.58)
As in the N = 3 case, we define the left and right gauge covariant derivatives,
−→
D [1]k¯α ∗ =
−→
D [1]k¯α ∗+e
qVˆ0eqVˆ+
−→
D [1]k¯α (e
−qVˆ+e−qVˆ0) ⊲ ∗,
∗
←−
D [1]k¯α = ∗
←−
D [1]k¯α + ∗ ⊳ (e
−qVˆ−
←−
D [1]k¯α )e
qVˆ−.
(3.59)
We now calculate the explicit form of the gauge connection. Form the left hand side in (3.52),
we find
e−Vˆ−(D[1]k¯α e
Vˆ−) = −D1k¯α Vˆ−1. (3.60)
where we have used the fact that terms with negative powers of ζ vanish. Then, we find
Γ
(−)k¯
0α = −D
1k¯
α Vˆ−1. (3.61)
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Therefore the gauge covariant derivatives are found to be
D11¯α = Dα, D
12¯
α = D
12¯
α , D
21¯
α = D
21¯
α − DαVˆ−1, D
22¯
α = −D¯α −D
12¯
α Vˆ−1. (3.62)
Again, Vˆ−1 is calculated by the perturbation of the components V−1, V0, V1 (see Appendix B).
The anti-commutation relations of the covariant derivatives are found in Appendix C.
In order to find the explicit form of the (anti)chiral superfields Φ0, Φ¯0 in the gauge mul-
tiplet, let us consider weight-1 left (ant)arctic multiplets Υ¯[1], Υ[1] in the (anti)fundamental
representation. The gauge invariant weight-2 Lagrangian is given by
L[2] = Υ¯[1]eV
[0]
Υ[1]. (3.63)
The gauge transformation and the definition of the new fields (3.14) are the same in the N = 3
case. The projective constraints on the new fields are gauge covariantized. Using the anti-
commutation relations of the gauge covariant derivatives and the gauge covariantized projective
constraints, we find the following relations,
D¯2Υ˜1 = −D¯
αD12¯α Υ˜0 = D
12¯αΓ
(−)2¯
0α Υ˜0,
¯˜Υ1
←−
D 2 = ¯˜Υ1
←−
D 21¯α
←−
Dα = DαΓ(−)1¯0α
¯˜Υ0,
(3.64)
where we have defined
D11¯α ≡ Dα = Dα, D
22¯
α ≡ D¯α = −D¯α −D
12¯
α Vˆ−1. (3.65)
From these relations, we define the gauge covariantized chiral superfields Φ˜0,
¯˜Φ0,
Φ˜0 ≡ D
12¯αΓ
(−)2¯
0α ,
¯˜Φ0 ≡ D
αΓ
(−)1¯
0α . (3.66)
Since the ζ0 component of the gauge connection is given by Γ
(−)1¯
0α = −DαVˆ−1, the anti-chiral
superfield ¯˜Φ0 is again D
2-exact form. Therefore the chirality Dα
¯˜Φ0 = Dα
¯˜Φ0 = 0 is shown for
the full order in V−1, V0, V1. On the other hand, the chirality of Φ˜0 is shown in the perturbation
of V−1, V0, V1. For example, up to O(V 3), we have
D¯αΦ˜0 = D¯αD
12¯βD12¯β V−1 +
1
2
D¯αD
12¯βD12¯β [V0, V−1] +
[
D12¯α V−1, D
12¯βD12¯β V−1
]
+O(V 3)
= 0 +O(V 3), (3.67)
where we have used the relations obtained by the repeated use of the constraints (2.17):
D¯
2V0 = −D¯
αD12¯α V−1 = D
12¯
α D¯
αV−1 = 0. (3.68)
Now we have proved the chirality of ¯˜Φ0, Φ˜0. Note that Φ0, Φ¯0 obtained from the left tropical
multiplet by this way belong to the right multiplet [11, 10]. The construction of the action is
the same in the N = 3 case.
16
3.3 N = 2 in four dimensions
The tropical multiplet V =
∑∞
l=−∞ ζ
lVl satisfy the following projective constraints,
∇αV = ∇¯α˙V = 0. (3.69)
We consider the decomposition (3.5) of the tropical multiplet. Using the constraints (3.69) we
have the following identities,
e−Vˆ−(∇αe
Vˆ−) = eVˆ0eVˆ+∇α(e
−Vˆ+e−Vˆ0), (3.70)
e−Vˆ−(∇¯α˙e
Vˆ−) = eVˆ0eVˆ+∇¯α˙(e
−Vˆ+e−Vˆ0). (3.71)
The definition of the gauge connections is
Ωα ≡e
qVˆ0eqVˆ+∇α(e
−qVˆ+e−qVˆ0) = e−qVˆ−(∇αe
qVˆ−),
Ω¯α˙ ≡e
qVˆ0eqVˆ+∇¯α˙(e
−qVˆ+e−qVˆ0) = e−qVˆ−(∇¯α˙e
qVˆ−).
(3.72)
By the same way, the gauge covariantized left supercovariant derivatives are defined as
−→
∇Gα∗ ≡∇α ∗+Ωα ⊲ ∗ ≡ (D1α + ζD2α)∗,
−→
∇¯Gα˙∗ ≡∇¯α˙ ∗+Ω¯α˙ ⊲ ∗ ≡ (D¯
2
α˙ − ζD¯
1
α˙) ∗ .
(3.73)
The right derivatives are defined similarly. From the middle and the left sides in (3.70) we have
the ζ expansions,
e−Vˆ−(∇αe
Vˆ−) ≡ Γ(−)−1αζ + Γ
(−)
0α ζ
0 +
∞∑
l=1
Γ
(−)
lα ζ
−l, (3.74)
eVˆ0eVˆ+∇α(e
−Vˆ+e−Vˆ0) ≡
∞∑
l=0
Γ
(+)
lα ζ
l. (3.75)
By the same way, we define Γ¯
(±)
lα˙ by the ζ expansions of (2.34). Then the following relations
hold,
Γ
(−)
0α = Γ
(+)
0α , Γ
(−)
l≥1 α = Γ
(+)
l≥1 α = 0,
Γ¯
(−)
0α˙ = Γ¯
(+)
0α˙ , Γ¯
(−)
l≥1 α˙ = Γ¯
(+)
l≥1 α˙ = 0.
(3.76)
We can show that the ζ1 terms in the left hand side of (3.70) and (3.71) vanish identically
Γ
(−)
−1α = Γ¯
(−)
−1α˙ = 0. Therefore the gauge covariantized supercovariant derivatives are found to be
D1α = D1α + Γ
(−)
0α ,
D2α = D2α,
D¯2α˙ = D¯
2
α˙ + Γ¯
(−)
0α˙ ,
D¯1α˙ = D¯
1
α˙.
(3.77)
The anti-commutation relations of the gauge covariant derivatives are found in Appendix B.
The gauge connections are calculated as
Ωα =e
−Vˆ−(∇αe
Vˆ−) = D2αVˆ−1,
Ω¯α˙ =e
−Vˆ−(∇¯α˙e
Vˆ−) = −D¯1α˙Vˆ−1.
(3.78)
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The explicit expressions of the connections Ωα, Ω¯α˙ depend only on the ζ
−1 term Vˆ−1 in the de-
composition of the tropical multiplet. This is the same situation found in the three-dimensional
case. Up to O(V 3), we have
Γ
(−)
0α = D2αVˆ−1 = D2α
(
V−1 +
1
2
[V0, V−1]
)
+O(V 3),
Γ¯
(−)
0α˙ = −D¯
1
α˙Vˆ−1 = −D¯
1
α˙
(
V−1 +
1
2
[V0, V−1]
)
+O(V 3).
(3.79)
As in the three-dimensional cases, we define the new fields from the (ant)arctic multiplets:
Υ˜ ≡ eVˆ0eVˆ+Υ, ¯˜Υ ≡ Υ¯eVˆ−. (3.80)
The first (the second) fields satisfy the left (right) gauge covariantized projective constraint.
Using the gauge covariantized constraints on the component superfields Υ˜0, Υ˜0, Υ˜1,
¯˜Υ1 and
the anti-commutation relations of the gauge covariant derivatives, we obtain the following
relations,
(D¯2)2Υ˜1 = D¯
2
α˙D¯
2α˙Υ˜1 = D¯
2
α˙D¯
1α˙Υ˜0 = −D¯α˙Γ¯
(−)α˙
0 Υ˜0,
¯˜Υ1(
←−
D 2)2 = ¯˜Υ1
←−
Dα2
←−
Dα2 =
¯˜Υ0
←−
Dα1
←−
Dα2 =
¯˜Υ0D
α
2Γ
(−)
0α .
(3.81)
From these expressions, we define the gauge covariantized chiral superfields,
Φ˜0 ≡ −D¯
1
α˙Γ¯
(−)α˙
0 ,
¯˜Φ0 ≡ D
α
2Γ
(−)
0α . (3.82)
In the following, we define the supercovariant derivative in the N = 1 subsuperspace as Dα =
D2α, D¯α˙ = D¯
2
α˙. We also write the corresponding gauge covariantized supercovariant derivatives
as Dα, D¯α˙. Then up to cubic order in V−1, V0, V1, we obtain
Φ˜0 = D¯
1
α˙D¯
1α˙
(
V−1 +
1
2
[V0, V−1]
)
+O(V 3), (3.83)
¯˜Φ0 = D
α
2D2αVˆ−1 = D
2Vˆ−1. (3.84)
Therefore we find
Dα
¯˜Φ0 = DαD
2Vˆ−1 = 0. (3.85)
Again, the chirality of ¯˜Φ0 is shown in the full order of V−1, V0, V1. On the other hand, the
chirality of Φ˜0 is shown perturbatively,
D¯α˙Φ˜0 = D¯α˙D¯
1
β˙
D¯1β˙V−1 +
1
2
D¯α˙D¯
1
β˙
D¯1β˙[V0, V−1]− [D¯
1
α˙V−1, D¯
1
β˙
D¯1β˙V−1] +O(V
3)
= 0 +O(V 3). (3.86)
The action is constructed as in the cases of three dimensions.
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4 Conclusion and discussions
In this paper we have studied the explicit relations between the non-Abelian gauge multiplets
and the tropical multiples in three-dimensional N = 3, N = 4 and four-dimensional N = 2
projective superspaces. In three dimensions, the actions possess the conformal invariance.
Although the formal procedure to construct the gauge invariant actions has been discussed
in the literature, the explicit form of the decomposition of the non-Abelian tropical multiplet
eV = eVˆ−eVˆ0eVˆ+ and the expression of the gauge connection Ωα have not been studied in detail.
For Abelian gauge groups, the decomposition of the tropical multiplet is trivial, namely, in the
Lindstro¨m-Rocˇek gauge it is given by Vˆ− = V−1ζ
−1, Vˆ0 = V0, Vˆ+ = ζV1. Then the N = 2 vector
superfield V is identified with the ζ0 component V0 in the tropical multiplet. The relations (3.4)
among the chiral superfields Φ0, Φ¯0 in the gauge multiplet and V1, V−1 in the tropical multiplet
are linear and the chiralities of Φ0, Φ¯0 follows automatically.
On the other hand, for non-Abelian gauge groups, the decomposition is quite non-trivial and
the relation between the gauge multiplet and the tropical multiplet becomes highly non-linear.
In the present paper, we have performed the decomposition of the tropical multiplet for non-
Abelian gauge groups explicitly and found the precise form of the components Vˆ−, Vˆ0, Vˆ+. Using
the decomposition, the gauge connection Ωα has been constructed. We have then considered a
hypermultiplet coupled to the gauge multiplet. The gauge covariantized projective constraints
on the (ant)arctic multiplets and the algebras of the gauge covariantized supercovariant deriva-
tives enable us to define the adjoint superfields Φ˜0,
¯˜Φ0 in the gauge multiplet. We have written
down the expressions of Φ˜0,
¯˜Φ0 in terms of the component fields in the tropical multiplet. The
gauge covariantized chiral conditions of Φ˜0,
¯˜Φ0 have been shown. The chirality of
¯˜Φ0 is shown
to be holds for the full order in V−1, V0, V1 while that of Φ˜0 should be proved perturbatively.
We have demonstrated that the chirality of Φ˜0 holds up to O(V 3) in the non-Abelian gauge
group. However, the higher order calculations are possible by using the explicit decompositions
presented in Appendix B.
Compare to the Abelian gauge group, the calculation is quite non-linear and needs precise
treatment. As we have shown in the Appendix B, the explicit form of the decomposition
eV = eVˆ−eVˆ0eVˆ+ is obtained iteratively. The gauge connections depend only on the ζ, ζ2 (ζ)
components of Vˆ− in N = 3 (N = 4) in three dimensions. Similarly, the adjoint superfields Φ˜0,
¯˜Φ0 are completely determined by Vˆ−1, Vˆ−2 (Vˆ−1) in N = 3 (N = 4). We have also calculated
the gauge connections in the four-dimensional N = 2 projective superspace. Chiralities of the
adjoint superfields in the gauge multiplet have been shown also in four dimensions.
We believe our study provides useful insights into the future researches of gauge theories in
the projective superspace formalism. For example, non-Abelian superconformal Chern-Simons
theories in three-dimensions are an interesting topic. Generalizations to higher dimensional
theories such as five and six dimensions cases [6, 12] are also interesting. We will come back to
these issues in near future.
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A Conventions and notations of ordinary superspaces
A.1 Three dimensions
In this appendix, we present the basic conventions and notations of the standard N = 2,
N = 3 and N = 4 superspaces in three dimensions. We use the mostly plus convention of the
three dimensional metric ηmn = diag(−1,+1,+1). The three-dimensional N = 2 superspace
is represented by the coordinates zA = (xm, θα, θ¯α) where θ, θ¯ are two component spinors.
The spinor indices are raised and lowered by the anti-symmetric symbol ε12 = −ε12 = 1.
The gamma matrices are defined by (γm)α
β = (iτ 2, τ 1, τ 3) which satisfies the Clifford algebra
{γm, γn} = 2ηmn. Here τ I (I = 1, 2, 3) are the Pauli matrices. The supercovariant derivatives
in N = 3 superspace are defined by
Dijα =
∂
∂θαij
+ iθβij∂αβ , ∂αβ ≡ γ
m
αβ∂m,
{Dijα , D
kl
β } = −2iε
i(kεl)j∂αβ .
(A.1)
The supercovariant derivatives in N = 4 superspace are defined by
Dij¯α =
∂
∂θα
ij¯
+ iθβ
ij¯
∂αβ ,
{Dij¯α , D
kl¯
β } = 2iε
ikεj¯l¯∂αβ .
(A.2)
The supercovariant derivatives in N = 2 superspace are defined by
Dα = ∂α + i(γ
mθ¯)α∂m, D¯α = −∂¯α − i(θγ
m)α∂m,
{Dα, D¯β} = −2iγ
m
αβ∂m, {Dα,Dβ} = {D¯α, D¯β} = 0.
(A.3)
The Grassmann measure of integration in the N = 2 superspace is defined by
d2θ = −
1
4
dθαdθα, d
2θ¯ = −
1
4
dθ¯αdθ¯α, d
4θ = d2θd2θ¯. (A.4)
They are normalized such that,∫
d2θ θ2 = 1,
∫
d2θ¯ θ¯2 = 1,
∫
d4θ θ2θ¯2 = 1. (A.5)
Within the space-time integration, the following relation holds,∫
d4θ F (z) =
1
16
(D2D¯2F (z))
∣∣∣∣
θ=θ¯=0
, (A.6)
where F (z) is an N = 2 superfield. The chiral and anti-chiral coordinates are defined by
xmL = x
m + iθγmθ¯, xmR = x
m − iθγmθ¯. (A.7)
We use the following relations among the N = 2, N = 3 and N = 4 superspaces [5]:
θα = θα11 = θ
α
11¯, θ¯
α = θα22 = θ
α
22¯, (A.8)
Dα = D
11
α = D
11¯
α , D¯α = −D
22
α = −D
22¯
α . (A.9)
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A.2 Four dimensions
In four dimensions, we use the metric ηmn = diag(−1, 1, 1, 1). We follow the Wess-Bagger
convention [13] in the N = 1 superspace. The supercovariant derivative is defined by
Dα =
∂
∂θα
+ iσmαα˙∂m, (A.10)
D¯α˙ = −
∂
∂θ¯α˙
− iθασmαα˙∂m. (A.11)
They satisfy the following algebra,
{Dα, D¯α˙} = −2iσ
m
αα˙∂m, (A.12)
{Dα, Dβ} = {D¯α˙, D¯β˙} = 0. (A.13)
B Decomposition of tropical multiplet
In this appendix, we calculate the decomposition of the tropical multiplet,
eV
[0]
= eVˆ−eVˆ0eVˆ+ . (B.1)
In the Lindstro¨m-Rocˇek gauge, we have the following expansion in ζ ,
V [0] = V− + V0 + V+, (B.2)
V+ ≡ ζV1, V0 ≡ V0, V− ≡
1
ζ
V−1. (B.3)
The calculation is performed in the perturbation of the components in the tropical multiplet
V−1, V0, V−1. At leading (Abelian) order, we have Vˆ− = V−, Vˆ0 = V0, Vˆ+ = V+. In the following
we will determine Vˆ±, Vˆ0 at the quadratic and cubic orders in V−1, V0, V1.
•O(V 2) calculation
We determine the functions f
(2)
0 , f
(2)
± that satisfy the following relation up to terms in O(V
3),
eV
[0]
= eV−+f
(2)
− eV0+f
(2)
0 eV++f
(2)
+ . (B.4)
The both sides in the above are calculated as
eV
[0]
= 1 + V− + V0 + V+
+
1
2
(
V2+ + V
2
0 + V
2
− + V+V0 + V0V+ + V0V− + V−V0 + V−V+ + V+V−
)
+O(V3), (B.5)
eV−+f
(2)
− eV0+f
(2)
0 eV++f
(2)
+
= 1 + V− + V0 + V+
+
(
V0V+ +
1
2
V2+ + f
(2)
+
)
+
(
V−V+ +
1
2
V20 + f
(2)
0
)
+
(
V−V0 +
1
2
V2− + f
(2)
−
)
+O(V3).
(B.6)
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Note that all the terms are noncommutative and the ordering of the product is important.
Comparing these results, we find the following expressions of the functions,
f
(2)
+ =
1
2
ζ [V1, V0], f
(2)
0 =
1
2
[V1, V−1], f
(2)
− =
1
2
ζ−1[V0, V−1]. (B.7)
•O(V 3) calculation
Next, we determine the functions f
(3)
± , f
(3)
0 that satisfy the following relation up to O(V
4),
eV
[0]
= eV−+f
(2)
−
+f
(3)
− eV0+f
(2)
0 +f
(3)
0 eV++f
(2)
+ +f
(3)
+ , (B.8)
where f
(2)
± , f
(2)
0 are functions (B.7) at O(V
2). Therefore at the order O(V2) the above relation
holds automatically. At O(V 3), we find the left hand side in (B.8) is
eV
[0]
|O(V3)
=
1
3!
(
V3+ + V
2
0V+ + V+V0V+ + V0V
2
+ + V−V
2
+ + V+V−V+ + V
2
+V0 + V+V
2
0 + V0V+V0 + V
2
+V−
)
+
1
3!
(
V30 + V0V−V+ + V−V0V+ + V−V+V0 + V+V−V0 + V+V0V− + V0V+V−
)
+
1
3!
(
V3− + V
2
−V+ + V
2
−V0 + V0V−V0 + V−V
2
0 + V
2
0V− + V0V
2
− + V−V0V− + V−V+V− + V+V
2
−
)
.
(B.9)
On the other hand, the right hand side in (B.8) is
eV−+f
(2)
−
+f
(3)
− eV0+f
(2)
0 +f
(3)
0 eV++f
(2)
+ +f
(3)
+ |O(V3)
=
(
1
3!
V3+ + f
(3)
+ +
1
2
V+f
(2)
+ +
1
2
f
(2)
+ V+ + V0f
(2)
+ + f
(2)
0 V+ +
1
2
V0V+ +
1
2
V−V
2
+ +
1
2
V0V
2
+
)
+
(
1
3!
V30 + f
(3)
0 +
1
2
V0f
(2)
0 +
1
2
f
(2)
0 V0 + f
(2)
− V+ + V−V0V+ + V−f
(2)
+
)
,
+
(
1
3!
V3− + f
(3)
− +
1
2
V−f
(2)
− +
1
2
f
(2)
− V− + f
(2)
− V0 + V−f
(2)
0 +
1
2
V−V
2
0 +
1
2
V2−V+ +
1
2
V2−V0
)
.
(B.10)
From these results, the functions f
(3)
0 , f
(3)
± are determined to be
f
(3)
+ =
1
12
ζ2
[
V1[V0, V1] + [V1, V0]V1
]
+
1
6
ζ
[
V1[V1, V−1] + [V−1, V1]V1 + V0[V0, V1] + [V1, V0]V1
]
, (B.11)
f
(3)
0 = −
1
12
[
[V0, V−1]V1 + V−1[V1, V0] + [V0, V1]V−1 + V1[V−1, V0]
]
, (B.12)
f
(3)
− =
1
12
ζ−2
[
V−1[V0, V−1] + [V−1, V0]V−1
]
+
1
6
ζ−1
[
V−1[V−1, V1] + [V1, V−1]V−1 + V0[V0, V−1] + [V−1, V0]V0
]
. (B.13)
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Generalizations to higher orders O(V n) (n ≥ 4) are straightforward. By using the functions
f
(n−1)
± , f
(n−1)
0 obtained at order O(V
n−1), the equations that determine f
(n)
± , f
(n)
0 become lin-
ear. We can easily solve the equations and find the functions at order O(V n) without any
ambiguities.
C Anti-commutation relations of gauge covariant deriva-
tives
TheN = 3 gauge covariantized supercovariant derivatives satisfy the following anti-commutation
relations,
{Dα,Dβ} = D(αΓ
(−)
−2β) + {Γ
(−)
−2α,Γ
(−)
−2β},
{Dα,D
12
β } = −
1
2
DαΓ
(−)
−1β +D
12
β Γ
(−)
−2α −
1
2
{Γ(−)−2α,Γ
(−)
−1β},
{Dα, D¯β} = {Dα, D¯β} − DαΓ
(−)
0β + D¯βΓ
(−)
−2α − {Γ
(−)
−2α,Γ
(−)
0β },
{D12α ,D
12
β } = {D
12
α , D
12
β } −
1
2
D12(αΓ
(−)
−1β) +
1
4
{Γ(−)−1α,Γ
(−)
−1β},
{D12α , D¯β} = −D
12
α Γ
(−)
0β −
1
2
D¯βΓ
(−)
−1α +
1
2
{Γ(−)−1α,Γ
(−)
0β },
{D¯α, D¯β} = −D¯(αΓ
(−)
0β) + {Γ
(−)
0α ,Γ
(−)
0β }.
(C.1)
The anti-commutation relations of the N = 4 gauge covariantized supercovariant derivatives
in the left part are
{D11¯α ,D
11¯
β } = 0,
{D11¯α ,D
12¯
β } = 0,
{D11¯α ,D
21¯
β } = DαΓ
(−)1¯
0β ,
{D11¯α ,D
22¯
β } = {D
11¯
α , D
22¯
β }+ DαΓ
(−)2¯
0β ,
{D12¯α ,D
12¯
β } = 0,
{D12¯α ,D
21¯
β } = {D
12¯
α , D
21¯
β }+D
12¯
α Γ
(−)1¯
0β ,
{D12¯α ,D
22¯
β } = D
12¯
α Γ
(−)2¯
0β ,
{D21¯α ,D
21¯
β } = D
21¯
α Γ
(−)1¯
0β +D
21¯
β Γ
(−)1¯
0α + {Γ
(−)1¯
0α ,Γ
(−)1¯
0β },
{D21¯α ,D
22¯
β } = D
21¯
α Γ
(−)2¯
0β − D¯βΓ
(−)1¯
0α + {Γ
(−)1¯
0α ,Γ
(−)2¯
0β },
{D22¯α ,D
22¯
β } = −D¯αΓ
(−)2¯
0β − D¯βΓ
(−)2¯
0α + {Γ
(−)2¯
0α ,Γ
(−)2¯
0β }.
(C.2)
Similar relations hold in the right sector.
In four dimensions, the N = 2 gauge covariantized supercovariant derivatives satisfy the
23
following algebras,
{D1α,D1β} = D1αΓ
(−)
0β +D1βΓ
(−)
0α + {Γ
(−)
0α ,Γ
(−)
0β },
{D1α,D2β} = D2βΓ
(−)
0α ,
{D1α, D¯
1
α˙} = {D1α, D¯
1
α˙}+ D¯
1
β˙
Γ
(−)
0α ,
{D1α, D¯
2
α˙} = D1αΓ¯
(−)
0α˙ + D¯
2
β˙
Γ
(−)
0α + {Γ
(−)
0α ,Γ
(−)
0α˙ },
{D1α,D2β} = 0,
{D1α, D¯
1
α˙} = 0,
{D1α, D¯
2
α˙} = {D2α, D¯
2
α˙}+D2αΓ¯
(−)
0α˙ ,
{D¯1α˙, D¯
1
β˙
} = 0,
{D¯1α˙, D¯
2
β˙
} = D¯1α˙Γ¯
(−)
0β˙
,
{D¯2α˙, D¯
2
β˙
} = D¯2α˙Γ¯
(−)
0β˙
+ D¯2
β˙
Γ
(−)
0α˙ + {Γ¯
(−)
0α˙ , Γ¯
(−)
0β˙
}.
(C.3)
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